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We present a model to probe metamagnetic properties in systems with an arbitrary number of
interacting spins. Thermodynamic properties such as the magnetization per particle m(B, T,N),
linear susceptibility χ1(T ), and nonlinear susceptibilities χ3(T ) and χ5(T ) were calculated. The
model produces a different magnetic response for N particles when comparing to N − 1 particles
for small N ∼ 1. For an even number of particles, the susceptibilities show maxima in their
temperature dependence. An odd number produces an additional free spin response that dominates
at low temperatures. This free spin response also produces a step in the magnetization per particle at
B = 0 for odd N . The magnetization shows N/2 steps at γBc/J = n with integer n for even N and
(N−1)/2 additional steps at with integer n for odd N . Small clusters respond with metamagnetism
in an otherwise isotropic spin space, while the large clusters show no metamagnetism.
1. INTRODUCTION
Metamagnetism [1–3] is identified as when the magne-
tization rapidly rises at a critical magnetic field. Typi-
cally this happens at low temperatures and the critical
field is nearly insensitive to the temperature. The tran-
sition broadens with increased temperature. In a transi-
tion metal antiferromagnet, the transition is described [1]
as a first order spin flop transition. When the magnetic
field is applied along some unpreferred direction, the low
field response is weak because the spins are locked along
the preferred direction. The spins line up along the mag-
netic field when the field exceeds the anisotropy energy.
It was proposed [4, 5] that for metals a first order phase
transition occurs. When considering an expansion of the
Ginzburg Landau free energy in terms of the magnetiza-
tion, this transition is caused by a negative fourth order
term due to the density of states of the material. The
metal would then have a metamagnetic phase transition
similar to a liquid-gas phase transition.
Many materials [6, 7] show a sharp metamagnetism
only at T = 0, contrary to the Wohlfarth-Rhodes narra-
tive. With a T > 0, the transition is no longer discontin-
uous and smoothly disappears. This is consistent with
a quantum phase transition [8, 9], thermodynamically
analogous to the ferromagnetic transition. Where the fer-
romagnetic transition occurs at B = 0 and T = Tc, the
metamagnetic transition occurs at B = Bc and T = 0.
Metamagnetism in an insulating antiferromagnet is
easily discussed in terms of an anisotropic exchange
Hamiltonian. The anisotropy derives from crystalline
electric fields and depends on the field orientation with
respect to the lattice structure. In a metal such as the
heavy fermions, the sensitivity to the lattice structure
is less clear in experiments. However, a discrete level
structure whose crossing represents the metamagnetism
should be describable in terms of a spin Hamiltonian. We
therefore pick an example (see another example in Ref.
[10]) and study its consequences.
The recent study [11] by Shivaram et al., starting with
the measurement of metamagnetism for heavy fermion
compounds, notes certain correlations between the ob-
servables. It was already noted by Goto et al. [3] that
the linear susceptibility showed a peak at a temperature
T1 and that the critical field Bc scaled with the inverse
susceptibility at that maximum. Hirose et al. [12] pointed
out that critical field followed the susceptibility peak tem-
perature. Shivaram et al. also noted the correlation in the
peak temperatures of the nonlinear susceptibilities. They
seemed to favor a single energy scale in these phenomena.
Thermodynamics connects the temperature dependence
of magnetization to the field dependence of the specific
heat or the sound velocity. Here, we find similar results
for an otherwise general Hamiltonian. The series of com-
pounds CeMIn5 show a Curie law susceptibility at low
temperatures as reported by Thamizhavel et al. [13]. B.
Shivaram [14] has noted several instances of metamag-
netism in different contexts. For a review of molecular
magnets see also Ref. [15].
This paper presents an overview of a model describing
a cluster of N fermionic (spin s = 1/2) spins interacting
through an infinite range antiferromagnetic interaction
J . These interacting spins are influenced by an external
magnetic field B in the direction of the spin quantiza-
tion axis z. The model is meant to solely study the spin
contribution to metamagnetism. Using the dimensionless
variables τ = kBT/J and b = γB/J , the principal results
are summarized here:
1. The responses for even and odd number of particles
are qualitatively different. There are (N + n0)/2
steps in the magnetization with n0 = N mod 2
describing the “oddness” of N (for even N , n0 = 0
and for odd N , n0 = 1). The steps occur at critical
field values
Bc =
(
2n+ n0
2
)
J
γ
n = 1, 2, ...,
N − n0
2
The magnetization per particle changes by 1/N at
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2each Bc. When N is odd, there is an additional
step at Bc = 0 due to a free spin response which
changes the magnetization per particle by 1/2N .
The fully saturated magnetization per particle is
m = 1/2 for all N .
2. For odd N , the ground state is a Kramer’s doublet
leading to a free spin response (see discussion after
Eq. 3.1 in Ref. [16]); a Curie law contribution to
the total susceptibility.
3. The nonlinear susceptibilities are defined as
M = χ1(T )B + χ3(T )B
3 + χ5(T )B
5.
The third and fifth order susceptibilities are nega-
tive at high temperatures. The susceptibilities rise
at low temperatures and show a maximum at a
characteristic temperature. For even N , they all go
to zero at T = 0. For odd N , there is a free spin re-
sponse which dominates at low temperatures. Shiv-
aram et al. [11] studied another basic Hamiltonian
H = ∆S2z − γBSz showing similar results.
4. The specific heat as a function of temperature at
b = 0 is Schottky-like. It rises exponentially at
low temperatures and decays as τ−2 at high tem-
peratures. As a function of magnetic field at low
temperatures, the specific heat has a minimum at
the critical fields buttressed by peaks both below
and above the critical field. As the temperature in-
creases, the minima stay fixed but the peaks move
out.
The rest of the paper is organized as follows: Sec. 2
focuses on the details of the infinite range exchange inter-
action model. The partition function and the observables
are discussed for a generalized particle number N , com-
menting on the difference in the even N and odd N cases.
Sec. 3 presents the results in the small N limit (N = 2, 3),
and Sec. 4 discusses the large N limit (N = 23, 24) and
the thermodynamic limit (N → ∞). Sec. 5 contains a
summary of the results and a discussion of the limita-
tions of the model.
2. MODEL
In the model considered here, each spin interacts with
all other spins. The Hamiltonian is
H = J
∑
i<j
si · sj − γB · S. (1)
Here J is an antiferromangeitc exchange interaction of
infinite range, γ is the gyromagnetic ratio, B is the ex-
ternal field, and S =
∑
i si is the total spin of the system.
The eigenenergies of the system are calculated using the
identity:
2
∑
i<j
si · sj =
(∑
i
si
)2
−
∑
i
s2i = S
2 − 3
4
N. (2)
This produces the eigenenergies
λ =
J
2
S(S + 1)− 3N
8
J − γBµ, (3)
where µ is the z component of spin and S is the quantized
spin eigenvalue. The range of values for µ and S depend
on whether there are an even or odd number of particles.
For generalization, it is useful to define the variable n0 =
N mod 2, same as above. The range of values for µ and
S can then be written −S ≤ µ ≤ S and 12n0 ≤ S ≤
N/2, with all values spaced by an integer. The partition
function can then be written from these eigenenergies
Z = e3JN/8
N/2∑
S= 12n0
e−S(S+1)/2τ
S∑
µ=−S
eµb/τ . (4)
Here τ = kBT/J and b = γB/J are dimensionless vari-
ables describing the temperature and field. The prefactor
exp(3JN/8) is a constant multiple that will cancel when
calculating thermal properties, and will thus be dropped
from here on. Finally the partition function leads to
the Gibbs’ free energy such that F = −kBT lnZ, from
which comes the thermodynamic properties: magnetiza-
tion M = − ∂F∂B , specific heat C = −T ∂
2F
∂T 2 and pressure
P = − ∂F∂V . For the pressure there is no explicit volume
dependence. The results in this paper assume a volume
dependence on the coupling strength J(V ) = gV leading
to the pressure P = − ( ∂J∂V ) ∂F∂J = −g ∂F∂J . For simplicity
all discussion of pressure is in units of g.
To more easily evaluate the thermodynamic properties,
the partition function can be rewritten by changing the
order of the summations. To simplify the expression, the
field-independent function Aµ(N) =
∑N/2
S=µ e
−S(S+1)/2τ
is used. The even and odd partition functions are then,
Z(N = 2n) = A0(N) + 2
N/2∑
µ=1
Aµ(N) cosh
(
µb
τ
)
,
Z(N = 2n+ 1) = 2
N/2∑
µ=1/2
Aµ(N) cosh
(
µb
τ
)
. (5)
3From here the magnetization M for each becomes,
M(N = 2n)
γ
=
2
∑N/2
µ=1 µAµ(N) sinh(µb/τ)
A0(N) + 2
∑N/2
µ=1Aµ(N) cosh(µb/τ)
,
M(N = 2n+ 1)
γ
=
∑N/2
µ=1/2 µAµ(N) sinh(µb/τ)∑N/2
µ=1/2Aµ(N) cosh(µb/τ)
. (6)
The nonlinear susceptibilities follow from these expres-
sions. Likewise the other thermodynamic observables
such as specific heat or pressure (the field dependent part,
using the implicit volume dependence of J) can be ob-
tained using the other thermodynamic derivatives.
It is possible to rewrite the magnetization for odd par-
ticle number M(N = 2n + 1) in order to highlight the
free spin term. This calculation gives a term similar to
what is seen for M(N = 2n) in Eq. (6),
M(N = 2n+ 1)
γ
=
1
2
tanh
(
b
2τ
)
+
2
∑N/2
µ=3/2(µ− 1/2)Bµ(N) sinh((µ− 1/2)b/τ)
B1/2(N) + 2
∑N/2
µ=3/2Bµ(N) cosh((µ− 1/2)b/τ)
, (7)
where Bµ(N) is defined from the functions Am(N),
Bµ(N) = 2
N/2∑
m=µ
(−1)m−µAm(N). (8)
By reindexing the sums in Eq. (7) using µ′ = µ−1/2 and
replacing Bµ′+1/2(N) with Aµ′(N − 1) the second term
gives back the magnetization for even particle number.
The full derivation of the above equivalency can be seen
in Appendix A.
3. SMALL N LIMIT
At this stage it is important to look into expressions for
specific values of N , both to get a better, more compre-
hensive understanding and also to check the validity of
some results in the space of hyperbolic functions. Some
of these results can be derived by direct calculation of
the partition function and used as a check.
(a) N = 2 :
Two spin half particles are described by a partition func-
tion Z = 1 + e−1/τ (1 + 2 cosh b/τ). The magnetization
M is given by
M = γ
sinh(b/τ)
C2 + cosh(b/τ)
, C2 =
1
2
A0(2) =
1
2
(1 + e1/τ ).
(9)
which leads to
χ1(T ) =
γ2
kT
1
1 + C2
, (10a)
χ3(T ) =
γ
3!
( γ
kT
)3 C2 − 2
(1 + C2)2
, (10b)
χ5(T ) =
γ
5!
( γ
kT
)5 C22 − 13C2 + 16
(1 + C2)3
. (10c)
These are the principal nonlinear susceptibilities. The
results for the linear susceptibility [17] and zero temper-
ature magnetization [18] are well known. The results are
shown in Figs. 1(d). The temperature dependence of the
susceptibilities is qualitatively similar to the anisotropy
based models [11] (replacing C2 → 12e1/τ ). The linear
susceptibility χ1 has a maximum at T1 = 0.624J and
vanishes at both low and high temperatures. At high
temperatures, it has an effective Curie-Weiss tempera-
ture θ = J/4. The third order susceptibility χ3(T ) is
negative at high temperatures but has a positive maxi-
mum at T3 = 0.265J and vanishes at T = 0. The next
order nonlinear susceptibility, χ5(T ) is qualitatively sim-
ilar with a peak at T5 = 0.176J .
The specific heat for N = 2 is shown versus magnetic
field in Fig. 1(g) and versus temperature in Fig. 2(a).
As a function of temperature, the specific heat has the
usual Schottky features, e.g. those of the specific heat of
a two level system. They include an exponential rise at
low T and an inverse power law decay at high tempera-
tures. As a function of magnetic field for low T in Fig.
1(g), it has the M shaped response centered at b = 1.
As the temperature increases, the specific heat at b = 0
increases, the two peaks move away from each other, but
the minimum stays around b = 1.
The magnetic field dependent part of the pressure is
shown in Fig. 1(j). It consists of a threshold proportional
to temperature at b = 1 and a linear dependence on b for
b > 1.
(b) N = 3, 5 :
Here the ground state is a Kramer’s doublet. This leads
to several interesting effects. The partition function for
N = 3 is given by:
Z = 2e−3/8τ cosh
(
b
2τ
)[
1 + 2e3/2τ cosh
(
b
τ
)]
(11)
4FIG. 1: Thermodynamic quantities for N = 2, 3, 5 particles. (a),(d),(g),(j) are for N = 2, (b),(e),(h),(k) for N = 3, and
(c),(f),(i),(l) for N = 5. The first row ((a)-(c)) shows the magnetization per particle m vs. field b for three temperatures
τ = 0.0001, 0.1, 0.5. The second row ((d)-(f)) shows the linear susceptibility χ1 and the first two nonlinear susceptibilities
χ3, χ5 vs. temperature τ . Both (e) and (f) have subtracted out the free spin response contribution to the susceptibilities. The
third row ((g)-(i)) shows the specific heat C vs. field b for three temperatures τ = 0.001, 0.05, 0.1. The final row ((j)-(l)) shows
the pressure P vs. field b for three temperatures τ = 0.0001, 0.05, 0.5.
and the magnetization M is given by
M =
γ
2
tanh
(
b
2τ
)
+ γ
sinh(b/τ)
C3 + cosh(b/τ)
,
C3 =
1
2
B1/2(3) =
1
2
e3/2τ .
(12)
The first term is the free particle S = 1/2 response. With
the odd number of particles this is the dominant contri-
bution at low temperatures. The linear and nonlinear
5FIG. 2: Specific heat versus temperature for N = 2, 3, 5. (a)
The specific heat for N = 2 for field values b = 0.001, 0.9, 1.
These values show the change from small b to the humps that
occur at small τ for b ∼ bc. (b) The specific heat for N = 3
for field values b = 0.001, 1.4, 1.5. Humps form similarly to
the N = 2 case. (c) The specific heat for N = 5 for field
values b = 0.001, 2.4, 2.5. These plots emphasize the humps
occurring for small temperatures τ when b ∼ bc.
susceptibilities are given by
χ1 =
γ2
4kT
[
1 +
4
1 + C3
]
, (13a)
χ3 =
γ
3
( γ
2kT
)3 [
1 + 23
C3 − 2
(1 + C3)2
]
, (13b)
χ5 =
2γ
15
( γ
2kT
)5 [
1 + 25
5C23 − 13C3 + 16
(1 + C3)3
]
. (13c)
The first term in each of the above equations is the free
particle s = 1/2 response. The second term is (and the
following terms are) the usual linear and nonlinear sus-
ceptibility albeit with an N dependent CN . There is
a step at b = 0 leading to a magnetization per parti-
cle m = 1/6. This is followed by a step at b = 3/2
with m = 1/2. For odd number of particles without
a magnetic field the ground state is doubly degenerate
and the magnetization vanishes. However at the small-
est field there is a separation in the energy levels for the
m = ±1/2 leading to a nonzero magnetization at low T
and a step in m(b) at b = 0.
The general features for an odd N are seen in Figs. 1
for both N = 3 and N = 5. The N = 5 plots more clearly
show these features. Figs. 1(b),(c) show the magnetiza-
tion steps at the critical values of the magnetic field. The
step at b = 0 is followed by one at b = 3/2 (for N = 3, 5)
and at 5/2 (for N = 5). Figs. 1(e),(f) show the linear
and nonlinear susceptibilities with the low temperature
limit with the free spin response contribution removed.
When included, all χi are divergent for the τ → 0 limit.
The features are similar to the even N response charac-
teristic of the model; negative at high T . As in the even
N case the specific heat (Figs. 1(h),(i)) dips to zero at
the critical field values for small temperatures. The tem-
perature dependence of the specific heat can be seen in
Figs. 2(b),(c) for N = 3, 5. The pressure as a function of
magnetic field (Figs. 1(k),(l)) show the phase transition
at the critical field values, along with a slope equal to the
ground state spin for small τ .
4. LARGE N LIMIT
The partition function in Eq. (4) has a large N limit
which can be studied in two alternative ways. Analyt-
ically, an infinite N limit can be studied by replacing
the sum by an integral. The magnetization turns into a
Gaussian integral of the form:
M =
∫ ∞
n0/2
dSe−S(S+1)/2f(S), f(S) =
sinh
(
(2S+1)b
2τ
)
sinh(b/2τ)
,
which can be evaluated in terms of error functions. The
results can be made more transparent by evaluating the
sums directly over a large number of particles, such as
N = 23 or 24 (odd and even cases separately), and inter-
polating N →∞.
Fig. 3 shows the full extension of the model to large
particle number. Fig. 3(a) plots the magnetization per
particle m as a function of magnetic field at low temper-
atures for N = 23. There is the expected step at b = 0
followed by 11 more steps at b = 3/2, 5/2, ..., 23/2, which
can be seen in both the magnetization per particle and
the pressure in Fig. 3(c). The M shape in the specific
heat (Fig. 3(b)) at small temperatures can be seen for
each of the critical field values. The even N case for the
magnetization per particle, specific heat, and pressure
using N = 24 are seen in Figs. 3(d)-(f). Features similar
to the N = 23 case are seen for N = 24.
The results here show that there will be steps at integer
b in the magnetization per particle and pressure which
quickly blur with increased temperature. This implies
an infinite number of steps in the thermodynamic limit.
Since the change in the magnetization is the same in all
cases, this means that the change in the magnetization
per particle is always 1/N , except for the initial b = 0
change for odd N , which is 1/2N . In the thermodynamic
limit these steps are infinitesimally small for both even
and odd N , implying that in the thermodynamic limit
this model shows no metamagnetism.
5. DISCUSSION AND CONCLUSIONS
Metamagnetism in a strongly correlated metal derives
its properties from the complicated interactions. It is
6FIG. 3: Thermodynamic quantities for N = 23, 24. (a)-(c) are for N = 23 and (d) − (f) are for N = 24. The first column
((a),(d)) are the magnetization per particle m vs. field b for three temperatures τ = 0.0001, 0.1, 0.5. The second column ((b),(e))
shows the M shape in the specific heat C vs. field b for τ = 0.05. The third column ((c),(f)) shows the pressure P vs. field b
for three temperatures τ = 0.0001, 0.05, 0.5.
usually described by a lattice of magnetic moments in-
teracting with conduction electrons and often within
a framework of Anderson model. The heavy mass of
fermions is then an outcome of a Kondo-like effect. The
ground state corresponds to a singlet resonance between
the local moment and the conduction electrons. Meta-
magnetism happens when the magnetic field breaks the
singlet resonance. This scenario is the basis of the micro-
scopic calculations described [19, 20] in several references.
Several experimental correlations [5, 12] appear reason-
able within this formalism. One outcome that remains
to be explored experimentally is that between the critical
field and the effective mass.
However in order to calculate a more complex ob-
servable, such as nonlinear susceptibilities, a truly mi-
croscopic calculation is a non-starter. An intermediate
framework needs to be established which both transcends
microscopic parameters and has the facility to proceed
with more complex calculations. Described here is an
orthogonal approach, studying a model that seems rea-
sonable from a microscopic point of view but is simple
enough to yield nonlinear susceptibilities.
The infinite range interaction model contains many of
the properties one finds in metamagnetism. The model
contains only one energy scale, J , apart from the ther-
modynamic control variables, the external magnetic field
and the temperature. It is solvable with transparent in-
termediate steps. The notable features of this model are:
(a) There is a quantum transition at T = 0 that loses its
singular transition properties at any non-zero tem-
perature. Thus the T = 0 transition is discontinuous
in magnetization as well as in entropy. The total
magnetic susceptibility χ(B, T = 0) is singular at
B = Bc. At any finite (non-zero) temperature, the
magnetic susceptibility has maxima at B = Bc.
(b) The nonlinear susceptibilities defined by
M = χ1(T )B + χ3(T )B
3 + χ5(T )B
5.
are negative at high temperatures. They be come
positive at low temperatures and go through a max-
imum.
(c) There are features due to the oddness of the total
number of particles N . For odd N , there is a free
spin contribution to the susceptibility that diverges
as 1/T .
(d) Finally there are results for the field dependence of
the specific heat and pressure (from which the mag-
netic field dependence of the sound velocity can be
derived).
The model is, in the classical sense, highly frustrated
[21]. In the thermodynamic limit, there are no phase
transitions as a function of temperature. This is due
to the infinitesimal step size from an infinite number of
transitions in M in the thermodynamic limit. The model
is a spin model that sidesteps the complexities of a real
7microscopic model for a strongly correlated fermion sys-
tem. For a ferromagnetic version of this model (J < 0)
see Ref. [22]. The objective here has been to develop a
minimal (spins only) model which highlights the common
features among materials with different lattice structures
and electronic properties. The model may be useful in
the fields of quantum magnetism [16] and molecular mag-
nets [15].
We acknowledge several stimulating and enlightening
discussions with V. Celli, B. Cowan, B. Nartowt and B.
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Appendix A: Magnetization for odd N
The free spin term of the magnetization for odd particle number is able to be extracted (as in Eq. (7)) from
M(N = 2n+ 1) in Eq. (6). The derivation of this is contingent upon three steps:
1.) Rewrite the partition function Z(N = 2n+ 1) = cosh(b/2τ)F (b/τ).
The definition of Z(N = 2n+ 1) given in Eq. (5) is:
Z(N = 2n+ 1) = 2
N/2∑
µ=1/2
Aµ(N) cosh
(
µb
τ
)
.
Since Aµ(N) is field independent, then the cosh(b/2τ) must come from the cosh(µb/τ) terms. Using the hyperbolic
angle sum rules for cosh(x+ y) and sinh(2x):
cosh(nb/τ) = cosh((n− 1)b/τ) cosh(b/τ) + sinh((n− 1)b/τ) sinh(b/τ),
= cosh((n− 1)b/τ) cosh(b/τ) + 2 cosh(b/2τ) sinh((n− 1)b/τ) sinh(b/2τ).
Assuming that cosh((n− 1)b/τ) = cosh(b/2τ)fn−1(b/τ), then the above becomes:
cosh(nb/τ) = cosh((n− 1)b/τ) cosh(b/τ) + 2 cosh(b/2τ) sinh((n− 1)b/τ) sinh(b/2τ),
= cosh(b/2τ)[fn−1(b/τ) cosh(b/τ) + 2 sinh((n− 1)b/τ) sinh(b/2τ)].
The square brackets must then be fn(b/τ), giving a recursion relation for fn(b/τ):
fn(b/τ) = fn−1(b/τ) cosh(b/τ) + 2 sinh((n− 1)b/τ) sinh(b/2τ). (14)
8By showing that this process is started using n = 1/2 and n = 3/2, the recursion can be proven true through
induction. Using the relation cosh(nb/τ) = cosh(b/2τ)fn(b/τ), the partition function can be rewritten:
Z(N = 2n+ 1) = cosh(b/2τ)
2 N/2∑
µ=1/2
Aµ(N)fµ(b/τ)
 = cosh(b/2τ)F (b/τ). (15)
2.) Find a closed form for F (b/τ).
The only unknown in F (b/τ) from Eq. (15) is the closed form of fµ(b/τ). This closed form is not obvious from Eq.
(14). By rearranging the terms for f3/2(b/τ) and f5/2(b/τ), they can be rewritten using a nicer recursion relation:
fn(b/τ) = 2 cosh((n− 1/2)b/τ)− fn−1(b/τ), (16)
which has a straightforward closed form solution,
fn(b/τ) = 2
n−1/2∑
m=0
(−1)m cosh((n− 1/2−m)b/τ)− (−1)n−1/2 (17)
If this is the correct closed form for fn(b/τ), then it will obey the original recursion of Eq. (14). Plugging Eq. (17)
into the original recursion Eq. (14) and using the relation cosh(x) cosh(y) = cosh(x+ y)− sinh(x) sinh(y) gives:
fn(b/τ) = cosh(b/τ)fn−1(b/τ) + 2 sinh(b/2τ) sinh((n− 1)b/τ),
= 2 cosh((n− 1/2)b/τ)− 2
n−3/2∑
m=1
(−1)m−1 cosh((n− 3/2− (m− 1))b/τ)︸ ︷︷ ︸
=fn−1(b/τ)−(−1)n−3/2
+(−1)n−1/2 cosh(b/τ)
− 2
n−3/2∑
m=0
(−1)m sinh((n− 3/2−m)b/τ) sinh(b/τ) + 2 sinh(b/2τ) sinh((n− 1)b/τ),
= 2 cosh((n− 1/2)b/τ)− fn−1(b/τ) + Sn,
where the extra term Sn is
Sn = (−1)n−3/2+(−1)n−1/2 cosh(b/τ)−2
n−3/2∑
m=0
(−1)m sinh((n−3/2−m)b/τ) sinh(b/τ)+2 sinh(b/2τ) sinh((n−1)b/τ).
This extra term is absent from Eq. (16), implying that Sn−1 = 0. It is straightforward to show that Sn = 0 by
considering Sn = Sn +Sn−1 and reducing. Since Sn = 0, then Eq. (14) is the same recursion as Eq. (16), meaning
that Eq. (17) is the closed form solution for fn(b/τ).
3.) Obtain the magnetization M(N = 2n+ 1)
Using Eq. (17) the partition function can be rewritten:
Z(N = 2n+ 1) = cosh(b/2τ)
2 N/2∑
µ=1/2
Aµ(N)fµ(b/τ)
 ,
= cosh(b/2τ)
B1/2(N) + 2 (N−1)/2∑
µ′=1
Bµ′+1/2(N) cosh(µ
′b/τ)
 .
(18)
The coefficients Bn(N) are related to the coefficients An(N):
Bn(N) = 2
N/2∑
m=n
(−1)mAm(N) ←→ An(N) = 1
2
(Bn(N) +Bn+1(N)).
9This leaves the derivation of the magnetization M(N = 2n+ 1). This can be done by taking the derivative of the
natural log of the new form for the partition function from above. Taking this derivative:
M(N = 2n+ 1)
γ
= τ
∂
∂b
ln(Z(N)) =
1
2
tanh(b/2τ) +
2
∑(N−1)/2
µ=1 µBµ+1/2(N) sinh(µb/τ)
B1/2(N) + 2
∑(N−1)/2
µ=1 Bµ+1/2(N) cosh(µb/τ)
. (19)
which is exactly the form provided in Eq. (7). The second term resembles M(N = 2n) in Eq. (6) if Aµ(N = 2n)
is replaced with Bµ+1/2(N = 2n+ 1).
Appendix B: Steps in the magnetization
For all cases presented, steps in the magnetization oc-
cur at integer values of the dimensionless field b = γB/J
for even particle number and half-integer values of b for
odd particle number. A change in the ground state en-
ergy creates a change in the magnetization. This is be-
cause the ground state energy provides the largest weight
to the partition function in the low temperature limit
T → 0. The critical field values can be determined by
when there is change in the ground state energy.
For an even number of particles, the eigenenergies are:
λ =
J
2
S(S + 1)− γµB, 0 ≤ S ≤ N/2, − S ≤ µ ≤ S,
where S is the total spin of the system and µ is the z-
component of the total spin. The constant term 3JN/8
does not affect this proof and thus was dropped. For any
given value of S, the smallest eigenenergy takes µ = S.
For B = 0 the smallest eigenenergy is simply λ = 0.
A new ground state occurs when a higher energy level
crosses this energy level. The crossover locations for S >
0 with the S = 0 level are:
0 =
J
2
S(S + 1)− γSB → B = J
2γ
(S + 1),
The first crossing will create a new ground state en-
ergy level, occurring for S = 1, or Bc =
J
γ . Another
new ground state will occur when a higher energy level
(S > 1) crosses the S = 1 ground state energy level. All
crossings can be calculated:
J
2
(1)(2)− γ(1)B = J
2
S(S + 1)− γSB.
→B = J
2γ
S(S + 1)− 2
S − 1 =
J
2γ
(S + 2).
The next highest spin (S = 2) will create the next ground
state energy at the crossing Bc = 2J/γ. When a ground
state takes spin Sg the next ground state will have S > Sg
through induction:
J
2
(Sg)(Sg + 1)− γ(Sg)B = J
2
S(S + 1)− γSB,
→B = J
2γ
(S + Sg + 1) .
The next ground state will then always be for S = Sg +1
at the crossing Bc = (Sg + 1)J/γ = nJ/γ. Although this
proof is for an even particle number N , an equivalent
proof can be performed for odd N to show the half integer
crossings. The value of the magnetization for T → 0 will
be equal to the value of Sg since M =
1
β∂B lnZ for small
T is approximated by the ground state:
M(B, T → 0) ≈ 1
β
∂Be
−βJSg(Sg+1)/2+γβBSg
e−βJSg(Sg+1)/2+γβBSg
,
≈ γSg e
−βJSg(Sg+1)/2+γβBSg
e−βJSg(Sg+1)/2+γβBSg
,
≈ γSg.
